Abstract. Some types of coupled Korteweg de-Vries (KdV) equations are derived from an atmospheric dynamical system. In the derivation procedure, an unreasonable yaverage trick (which is usually adopted in literature) is removed. The derived models are classified via Painlevé test. Three types of τ -function solutions and multiple soliton solutions of the models are explicitly given by means of the exact solutions of the usual KdV equation. It is also interesting that for a non-Painlevé integrable coupled KdV system there may be multiple soliton solutions.
Introduction
The single component KdV equation has been widely used in various natural science fields especially in almost all branches of physics. For instance [1] , the KdV equation describes, in a general form, competition between weak nonlinearity and weak dispersion, while the nonlinear Schrödinger (NLS) equation describes the same competition for envelope waves (see, for example, the Introduction in [2] ). Some other integrable equations such as the sine-Gordon (SG) equation, the Kadomtsev-Petviashvily equation, the so-called three-and four-wave systems are universal as well.
Some kinds of the coupled KdV equations had also been introduced in literature such as one describing two resonantly interacting normal modes of internal-gravity-wave motion in a shallow stratified liquid [3] . In principle, many of other coupled KdV equations are introduced mathematically because of their integrability [4] . 1 In section II of this paper, we derive some new types of coupled KdV equation systems with some arbitrary parameters from a two-layer fluid model which is used to describe the atmospheric phenomena by using long wave approximation.
Whence the coupled KdV systems are derived, an important problem is how to solve them. To get more exact solutions, one hopes to figure out the integrable ones. In section III of the paper, we use the well known Painlevé test classification to find out the Painlevé integrable ones for special types of selections of the parameters.
For some special types of coupled KdV systems, one can find some types of exact solutions by modifying the solutions of the usual KdV equation. Some concrete solution examples, especially, the τ -function solutions and the multiple soliton solutions are given in section V. The last section contains a short summary and discussion.
Coupled KdV equations derived from atmospheric dynamics
It is known that various integrable models can be derived from fluid dynamics. Similarly, in this section we use a two layer fluid model,
where
and J{a, b} ≡ a x b y − b x a y , as a starting point to derive two component KdV equations by using the multiple scale approach and the long wave approximation.
In (1)- (4), F is the weak coupling constant among two layer fluids and β = β 0 (L 2 /U), β 0 = (2ω 0 /a 0 ) cos φ 0 , in which a 0 is the earth's radius, ω 0 is the angular frequency of the earth's rotation and φ 0 is the latitude, U is the characteristic velocity scales. The derivation of the dimensionless equation (1) and (2) is based on the characteristic horizontal length scale L = 10 6 m and the characteristic horizontal velocity scale U = 10 −1 m/s [5] .
Because of (11), (12) and (18), the fourth order of (9) and (10) become
and
In the usual studies to solve (23) and (24) type equations, especially in the atmospheric and ocean dynamics, one would take φ 13 and φ 23 as zero. However, whence φ 13 and φ 23 are taken as zero, there may be a non-consistence problem because A 1 and A 2 are only the functions of X and T while the coefficients of (23) and (24) are explicitly y-dependent.
In generally, equations (23) Nevertheless, it is possible to get some consistent and significant solutions from (23) and (24) by taking nonzero φ 13 and φ 23 . In this paper, we only give out a possible selection of φ 13 and φ 23 to derive coupled KdV type equations for the quantities A 1 and A 2 .
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It is straightforward to verify that if we take
with
for arbitrary B 1 and B 2 , then A 1 and A 2 satisfy the following coupled KdV system
where ten constants {α i , δ i , i = 1, 2, 3, 4, 5} are arbitrary.
Now the important question is how to get some types of exact solutions of the coupled KdV system. Before giving out some concrete solutions, we try to make a Painlevé 6 classification at first. That means we are going to give some constraints on the parameters {α i , δ i , i = 1, 2, 3, 4, 5} such that the solutions of the model are single valued with respect to an arbitrary singular manifold.
Painlevé classification of the coupled KdV system
The Painlevé test is one of the best way to study nonlinear systems. In this section, we take a standard Painlevé test by using the Kruskal's simplification for the coupled KdV system.
To pass the Painlevé test, four steps are required. The leading order analysis, the resonances determination, the test of the primary branch and the test of the secondary branches.
The leading order analysis for the coupled KdV system (27) and (28) around the arbitrary manifold φ shows us that there are two possible cases: Case 1.
In this case the parameters {α i , δ i } and {u 0 , v 0 } are linked by
Case 2.
or equivalently
which will be not considered since the exchange symmetry {A 1 , A 2 , α i , δ i } ↔ {A 2 , A 1 , δ i , α i } for the coupled KdV system (27) and (28).
The case (31) appears only for
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The resonance analysis for the first case (29) shows us that the resonant points are located at
where j 1 , j 2 and j 3 are three roots of
for the variable j. Apart from the equivalent decoupled case for both A 1 and A 2 satisfy completely decoupled KdV equations, the positive integer conditions for the resonant points lead to the following only nonequivalent subcases (i)
The resonance analysis for the second case (31) gives that the resonances will appear at
where j 1 and j 2 are two solutions of
for the variable j. It is clear that the positive integer conditions for the resonance points lead to the following four nonequivalent subcases (a)
To check all the resonances for the subcases (i)-(x) and (a)-(d) yields the possible Painlevé integrable models under some conditions for the model parameters α i and δ i .
Here we just list the final nonequivalent models but omit the detail and tedious analysis because the procedures are standard. The result shows us that there are only six Painlevé integrable subcases of the coupled KdV system (27) and (28).
where c 
where c is an arbitrary constant. For the model system (38) there is only one branch with the resonances located at {−1, 1, 2, 4, 6, 6} and all the resonance conditions satisfied identically.
P-integrable model 3.
In this case, the resonance points are {−1, 0, 4, 4, 5, 6}.
P-integrable model 4.
This case is corresponding to the resonances are located at {−1, 2, 3, 4, 4, 6}.
P-integrable model 5.
This case is corresponding to the resonances are located at {−1, 0, 2, 4, 6, 7}.
P-integrable model 6.
This case is corresponding to the resonances are located at {−1, 1, 2, 4, 6, 6}.
Exact solutions
In this section, we study some types of exact solutions for the general couple KdV system (27) and (28) and some special types of P-integrable models.
4.1. Travelling periodic and solitary wave solutions of the general coupled KdV system (27) and (28). In [6] , it is pointed out that some special types of exact solu- For the travelling wave solution of the coupled KdV system (27) and (28),
we have
To map the travelling waves of the cubic nonlinear Klein-Gordon equation to those of the coupled KdV system, one may use different mapping relations such as the polynomial forms [6] , rational forms [7] and may be more complicated and/or derive dependent forms [8] . However, here we just give a simple polynomial deformation relation
where φ(ξ) is a travelling wave solution of the cubic nonlinear Klein-Gordon equation,
i.e., φ satisfies
It is not very difficult to find that {A 1 , A 2 } given by (46) with (47) 
It is obvious that the algebraic equation system (49) possesses many kinds of solutions.
Here we just write down a most important and simplest solution when δ 4 = α 4 :
while b is linked the model parameters by a cubic algebraic equation
More concretely, if we take φ(ξ) as the Jacobi elliptic conoid function
which is a special solution of the φ 4 model with the parameters
then we have a simple periodic wave solution for the coupled KdV equation (27) and (28) with δ 4 = α 4
where b is a solution of (51). Furthermore, when m = 1, the periodic solution (52) becomes a simple solitary wave solution
4.2. τ -function solutions and Multi-soliton solutions of the coupled KdV system.
4.2.1.
The first type of τ -function and multi-soliton solutions related to the KdV reductions. It is straightforward to verify that for the coupled KdV equation system (27) and (28) with
one can find at least one type of multiple soliton solutions because there is a simple KdV reduction
where a is a solution of the algebraic cubic equation
Then the coupled KdV equation system (27) and (28) with (54) possesses the following τ function and multiple soliton solutions
where τ is just the usual τ function. For the multi-soliton solution, the τ function reads
It is interesting that there is only one parameter condition (54) to get multiple soliton solution (55) while it has been proved that the model is non-Painlevé integrable. In other words, the existence condition for multiple soliton solutions is not a sufficient condition of the integrability.
Especially, because of there are three real solutions of (56) for the special coupled KdV equation (37), we can obtain three types of multiple soliton solutions {u 1 , v 1 }, {u 2 , v 2 } and {u 3 , v 3 },
with τ being given by (58).
4.2.2.
The second type of τ -function and multi-soliton solutions of the coupled KdV system. The multi-solitons of the coupled KdV system listed in the last subsection are obtained from its special KdV reduction. In [9] it has been found that even if for the non-integrable cases, the coupled nonlinear system may have much more abundant solitary wave structure. So we believe that for the coupled KdV system there may be other types of multiple soliton solutions.
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For instance, if the model parameters have the following conditions
then we have a new type of multiple soliton solution
where τ is still the τ function of the usual KdV equation and for the multi-soliton solution it is given by (58) while A 2 is linked to the τ -function by a linear equation
If the third condition (63) is not satisfied, then a nonlinear term
has to be added to the left hand side of (65).
Similarly, under the conditions
where the constant c 1 is determined by
we have the following new type of multiple soliton solutions
where τ is same as given by (58) while A 2 is also linked to the τ function by a linear equation
In the same way, if the parameter condition (67) is not satisfied, then we have to add a nonlinear term 2α 2 (δ 3 − c 1 )
to the left hand side of (70).
4.2.3.
The third type of τ -function and multi-soliton solutions of the coupled KdV system.
Actually, in additional to the above types of multiple soliton solutions there may be other types of soliton solutions. Here is a further simple example for the following more specifical model
For this special model, its first type of multiple soliton solutions has the form
and the second type of multiple soliton solutions is given by
while A 2 satisfies
For the special coupled KdV system (71), there is the following third type of multiple soliton solutions,
is just the usual τ function of the KdV equation but with complex parameters, τ 1 and τ 2 are the real and imaginary parts of τ respectively. 
2 )T ,
at times T = −10, −5, 0, 5 and 10 respectively. 
Summary and discussions
In summary, a general type of coupled KdV system is derived from the coupled Euler equation system (1) and (2) It is found that the coupled nonlinear systems may possesses much more abundant solution structures. This phenomena is found before for the coupled non-integrable highdimensional Klein-Gordon equation [9] . In this paper we found that whence some kinds of model parameter conditions are satisfied, then there may be some different kinds of locate in the mid-high latitudes, usually over the ocean, as the dipole pattern which was first discovered by Rex [11] .
For one layer atmospheric model, the single soliton solution of the constant coefficient KdV equation is responsible for the dipole pattern of the atmospheric blockings. To explain the blocking life cycle, one has to use the soliton solutions of the variable coefficient KdV equation [12] . Using the similar analysis as the single layer atmospheric model, the soliton solution of the coupled KdV equation can also be used to explain the blockings under the two layer atmospheric description. In the same way, the soliton solutions of the constant coefficient coupled KdV equation proposed here can not be used to describe the blocking life cycle. To describe the blocking life cycle one has to extended the coupled KdV system (1) and (2) to variable coefficient case and the problem will be detailed studied in the near future study.
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